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2. PRELIMINARIES
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 representation is a tuple
(G, {Ui}i∈N ) where

• G = (N, E) is a directed graph, with the set of vertices
corresponding to the set of agents. E is a set of ordered
tuples corresponding to the arcs of the graph, i.e. (i, j) ∈ E
means there is an arc from i to j. Vertex j is a �
�	���� of i
if (j, i) ∈ E.
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 is a tuple
(G, {Uc}c∈τ ), where

• G = (N, E, C) is a colored hypergraph with the set of col-
ors τ ;
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• the set of vertices V (G) = N corresponds to the set of play-
ers;

• for each vertex v ∈ N , there exists exactly one edge e ∈ E
that has v as the first element. Denote this edge as ev .

• for each color c ∈ τ , edges of color c have the same arity/

Ic.

• each player has m actions. Let [m] = {1, . . . , m}.

• for each color c, Uc : [m]Ic → R.

� �����
� �*�
�	�������� 	��
 (G, {Ui}) 
�
��7�
 � 	��

(N, {Si}, {ui}) ��
�
 
��� Si = [m] ��� 7�� 
��� i ∈ N ���

��� ������ ���7�� s� ui(s) = UC(ei)

(sei) 
!���$
 	�������� 	��

� ��
�
 	�"
� �� ��������* ��	���� G

��
�
 �
 � 	�������� 	��
 �� G� ��� ��� �����
� �*�
�	����
 ��"

����

������	 �����
� �*�
�	���� 	��

 &
� Σ �
 ��
 

� �7 ���A
��
� �*�
�	����
 �7 �����
� �*�
�	���� 	��

 

D�"
� G ∈ Σ� �
 �
7�� ��
 induced digraph D(G) �� �
 � ��A
	���� �� ��
 
��
 

� �7 "
����

W ��� 7�� 
��� �*�
�
�	
 (v, v1, . . . , vr)
�� G �
 ��
��
 ���
��
� 
�	

 (v1, v), . . . , (vr, v) �� D(G) 

D�������� 	��

 ��� �
 ����	�� �7 �
 
�
���� ��


 �7 �����
�
�*�
�	���� 	��

 ��
�
 
��� �
�	�������� ��
 � ��77
�
�� ��A
��� ������* 7�������� � 
 � ��77
�
�� ����� D�"
� � ���
��
� 	����
G = (V, E)� �
 �
7�� ��
 induced colored hypergraph H(G) =
(V, E , C) 
��� ���� ��
 

� �7 �����
 �
 V ��� 7�� 
��� "
��
@ v ∈ V �
��
�
 �
 � �*�
�
�	
 e ∈ E �7 ����� v� ���
�
���	 �7 "
����

 ��
N (i)� ���� v �
��	 ��
 7��
 
�
�
�� �� ��
 ����
 e 2�
 �

� �7 ��

"
����

 �� e �
 
���
� �� � ��
A�
�
����
� ���
� �"
� V  �� �������A
���� �7 ��
 "
����

 ����

���� �� ��
 �	
��
 1, . . . , n �� � 	��
� �

�
����
 ��


 "
����

 �� �
 
���
� �� �
�
����	 ���
� �7 ��
 �	
��
 
U* ���
��������� D(H(G)) = G 7�� ��� ��	���� G D�"
� � 	����A
���� 	��
 Γ = (G, {Ui}i∈N )� ��
 induced colored hypergraphical
game �
 H(Γ) = (H(G), {Ui}i∈N ) �� �
 
����	��7������ �� "
��7*
���� Γ ��� H(Γ) �
��


�� ��
 
��
 	��
 

4�� ���������� ���"
��
��
� 	�"
� � ���

 �7 ���
��
� 	����
 C�
�
� H(C) �
 ��
 ���

 �7 �����
� �*�
�	����
 �7 ��
 ���
��
� 	����

�� C 

2�
�
 �
 ��
 	���� �7�
� �

�����
� ���� ��* �*�
�	����� ��
 pri-
mal 	���� D�"
� � �����
� �*�
�	���� H � ��
 ������ 	���� pri(H)
�
 �� �����
��
� 	���� ������
� �* ��$��	 � �����
 ��� �7 ��
 "
�A
���

 �� 
"
�* 
�	
 �� H  

2�
�
 ��
 � �����
 �7 ��
"���
 ���
�
 �� ��
 ������������� ����A

���

 �7 	�������� 	��

 ���� ��77
�
�� ������
 �7 ��
������ ������*
7�������
 Q�
$���$�
 et al. HMI ����*B
� ��
 �����
@��* �7 7���
��	 ���
 ��� ��@
� ��
� 
��������� �7 	�������� 	��

 �� ��	��*
�
	���� 	����
 (���
�* ��
 dA���
�
����� 	���)� �� ����� ��� �����
��*�77 7�������
 ��
 ��
������ U����� et al. HPI ��
�
�� ����*B
�
	�������� 	��

 �� ��������* 	����
� ��� ���� 

"
��� 
����	
� ��A
����
 �7 
*��
��* �� ������
�� ��
 �����
� �*�
�	�������� 	��

7���������� ����

 ��
 �
�
� ������ �7 �

��������
 ��� �
 ���
 ���

��$
�* �� ����� �� �������
 �� 7���� ��


 ��
"���
 7����������
 ���
�
 ����	�� �7 �
 
�
���� ��


 �7 �����
� �*�
�	�������� 	��

 

2.3 Best Response and Pure Nash Equilibrium
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Q�4���2�E� P An action profile s ∈ ∏i∈N Si is a ���
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���������� of the game (N, {Si}i∈N , {ui}i∈N ) if each agent i ∈
N is playing a best response to s−i, i.e. si ∈ BRi(s−i).
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�J���&� / We describe a class of colored hypergraphical
games with bounded treewidth modulo homomorphism equivalence.
Each game has m2+2m players. There are 4 colors {L, R, X, Y }.
We have m players labeled l1 . . . lm, and m players labeled
r1, . . . , rm. For each i, j ∈ {1, . . . , m} we have a player xij

and a player yij . For each player xij , we have an hyperedge
(xij , yij , li, rj) of color X; for each player yij , we have an hy-
peredge (yij , xij , li, rj) of color Y . Furthermore for each player
li we have a hyperedge (li) of color L and for each player ri we
have a hyperedge (ri) of color R. The colored hypergraph is ho-
momrophically equivalent to the fragment involving only the ver-
tices l1, r1, x11, y11 and their corresponding hyperedges. There-
fore these colored hypergraphical games have modulo-treewidth 3,
while the treewidth of each hypergraph is at least m.

2.6 Parameterized Complexity Theory
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2.7 Complexity of Homomorphism Problems
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2#�E��� S (D�E#� H+0I) Assume FPT �= W[1]. Then for
every recursively enumerable class C of colored hypergraphs with
bounded arity the following statements are equivalent.

1. HOM(C,−) is in polynomial time.

2. p-HOM(C,−) is fixed-parameter tractable.

3. C has bounded modulo-treewidth.
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3. MAIN RESULT
3.1 Digraphs with sinks
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Q�4���2�E� M A directed graph G is ���
������
 if it does not
have a sink (a vertex with out-degree zero). Otherwise G is �
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.
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Q�4���2�E� R A strongly connected component(SCC) π of G
is �
������ if there is no outgoing edges from π. A terminal SCC is
by definition a maximal SCC.

&���� N If G is irreducible then all its terminal SCCs have
size at least 2.
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Q�4���2�E� T Given a directed graph G, its reduced graph
red(G) is the result of the following algorithm:

1. repeat until G does not change:

(a) remove all vertices with out-degree zero as well as their
incoming edges.

2. return G

Q�4���2�E� +, Given a graphical game GG = (G, {Ui}i∈N ),
its �
���
� 	��
 red(GG) is (red(G), {Ui}i∈V (red(G))), i.e. the
game obtained by removing all agents corresponding to reducible
vertices of G.
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&���� ++ A graphical game GG has a pure Nash equilib-
rium if and only if its reduced game red(GG) has a pure Nash
equilibrium.

&���� +0 Suppose C is a recursively enumerable class of
graphs with bounded in-degree, such that PURE-GG(red(C),−)
is in P. Then PURE-GG(C,−) is in P.
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&���� +P Suppose C is a recursively enumerable class of
graphs with bounded in-degree, such that p-PURE-GG(C,−) is in
FPT. Then p-PURE-GG(red(C),−) is in FPT.
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3.2 Main Theorems
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2#�E��� +/ Assume FPT �= W[1]. Then for every recur-
sively enumerable class of bounded arity colored hypergraphs C ⊆
Σ, the following statements are equivalent.

1. PURE-CHG(C,−) is in polynomial time.

2. p-PURE-CHG(C,−) is fixed-parameter tractable.

3. for every G ∈ C, red(G) has bounded modulo-treewidth.
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&���� +S Given a digraph G, the modulo-treewidth of H(G)
equals the treewidth of H(G).
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&���� +M Given a digraph G with bounded in-degree, the
treewidth of H(G) and the treewidth of the undirected version of G
are within a constant factor of each other.
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3E�E&&��Z +R Assume FPT �= W[1]. Then for every recur-
sively enumerable class C of digraphs with bounded in-degree the
following statements are equivalent.

1. PURE-GG(C,−) is in polynomial time.

2. p-PURE-GG(C,−) is fixed-parameter tractable.

3. for every G ∈ C, red(G) has bounded treewidth.
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3.3 Proof of Tractability Result
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&���� +N Let Γ = (G, {Ui}i∈N ) be a colored hypergraph-
ical game. It is possible to construct in polynomial time an in-
stance (G′, H ′)of homomorphism problem such that Γ has a pure
equilibrium if and only if there exists a homomorphism from G′ to
H ′. Furthermore if G has bounded arity and bounded modulo-
treewidth then so does G′.

��EE4 D�"
� � �����
� �*�
�	�������� 	��
 Γ = (G, {Uc}c∈τ )�

��� ���*
� ��"��	 m ������
� �
 ���
����� ��
 ��
����
 (G′, H ′)
�7 ��
 ����������
� �����
� �
 7�����
 &
� G′ = G H ′ ���A

�
�
 �7 m "
����

� ��
 7�� 
��� ������ �� [m] 4�� 
��� ����� c� 7��

��� ������ ����
 (a, a1, a2, · · · , ar) 
��� ����

a ∈ arg max
a′∈[m]

Uc(a
′, a1, a2, · · · , ar)

(� 
 a �
 � �

� �

���

 7�� � ���*
� ���� ������* 7������� Uc 	�"
�
�
�	���� ������
 (a1, a2, · · · , ar))� ��
��
 �� �*�
�
�	

(a, a1, a2, · · · , ar) �7 H ′ ���� ����� c 

�7 Γ ��
 � ���
 ��
� 
���������� ��
� ��
 ������	 ���� ���


��� "
��
@ u �� ��
 "
��
@ a� ��
�
 a �
 ��
 ������ ���

� �* u
�� ��
 ���
 ��
� 
����������� �
 � ����������
� 4�� ��
 ���
�
���
������ �7 H ′ �
 � ����������
� �7 G′ ��� ��
 ����

������	
������	 7������� �
 
 ��
� 
(u) ����

����
 �� �� ������ �7 u� ���
7�� 
"
�* 
�	
 eu = (u, u1, u2, · · · , ur) �7 ����� c �� G′� 
(eu) =
(
(u), 
(u1), 
(u2), · · · , 
(ur)) ��
� �
 �� 
�	
 �7 ����� c �� H ′ 
2��
 �����

 ���� 
(u) �
 � �

� �

���

 ������ �7 ���*
� u �	���
�
��
 �
�	����
F ������
 2�
�
7��
� ��
 ������	 
 ����

����
 �� �
���
 ��
� 
���������� 

����
 G′ �
 ��
������ �� G� ���� ��@���� ����* ��� ������A
��

����� �
���� ������	
� 

3.4 Hardness for graphical games
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&���� +T Let G be an irreducible digraph. Then for any
colored hypergraph H , there exists a graphical game GG =
(G, {Ui}i∈N ) such that there is a homomorphism from H(G) to
H if and only if GG has a PSNE.
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3.5 Hardness for colored hypergraphical games
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&���� 0, Let G ∈ Σ be an irreducible colored hypergraph.
Then for any colored hypergraph H , there exists a colored hyper-
graphical game Γ = (G, {Uc}c∈τ ) such that there is a homomor-
phism from G to H if and only if Γ has a PSNE.
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&���� 0+ Given a colored hypergraph G, whose induced di-
graph consists of just one cycle with length n, the following colored
hypergraphical game on G does not have PSNE:

• each player’s actions are the integers 0, . . . , p − 1;

• let BR(a) = (a + 1) mod p where p ≥ n + 1.
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&���� 00 Given a colored hypergraph G, whose induced di-
graph is strongly connected, the following colored hypergraphical
game on G does not have PSNE:

• each player’s actions are the integers 0, . . . , n;

• given neighbors’ actions (s1, . . . , sm), let BR(s1, . . . , sm) =
(max{s1, . . . , sm} + 1) mod (n + 1).
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APPENDIX
A. PROOF OF LEMMA 13
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